One of the main challenges of the Tevatron at Fermilab and the Large Hadron Collider (LHC) at CERN is the determination of Standard Model (SM) parameters at the TeV scale. In this context various processes will be investigated which involve bottom-quark jets in the final state, for example decays of top-quarks or gauge bosons of the weak interaction. Hence the theoretical understanding of processes with bottom-quark jets is necessary. In this paper analytic results will be presented for the weak corrections to bottom-quark jet production -neglecting purely photonic corrections. The results will be used to study differential distributions, where sizeable effects are observed.
I. Introduction
With the start of the LHC a new energy regime is accessible, either to confirm the Standard Model (SM) or to verify new physics at the TeV scale. Famous possible SM extensions are heavy gauge bosons (e.g. Z ′ ), Supersymmetry or Kaluza-Klein resonances in models with extra dimensions. Beside the outstanding discovery of the Higgs boson, processes involving top-quarks, gauge bosons of the weak interaction and jets are of particular interest. The experimental identification will rely on their characteristic decay products with leptons or bottom jets as characteristic examples. In particular in processes including top-quarks or a (light) Higgs boson the identification of the bottom-quark jets will play a crucial role. In addition to these SM processes, bottomquark jets are also involved in many decays originating from signals for physics beyond the SM. In particular new resonances, e.g. heavy gauge bosons, decaying into b-jets require a detailed SM-based prediction to prove a deviation from the SM. The discrimination of b-jets from light quark-and gluon-jets, b-tagging, makes use of the large lifetime of B-mesons. In the last years there were large efforts by several experimental groups to develop new or to improve established b-tagging algorithms. This requires a detailed theoretical understanding of the corresponding processes like bottom-quark pair and single bottom-quark production. Both processes were studied in the past. The differential cross section for bottom-quark pair production is known to next-to-leading order (NLO) accuracy in quantum chromodynamics (QCD) [1, 2] . For massless single bottom production the NLO QCD corrections can be extracted from di-jet production [3, 4] .
It is well known that weak corrections can also be significant because of the presence of possible large Sudakov logarithms. These effects were studied intensively for several processes like weak boson, jet and top-quark pair production [5, 6, 7, 8, 9, 10, 11, 12, 13] . Earlier work on Sudakov logarithms in four-fermion processes can be found in Refs. [14, 15, 16, 17, 18, 19, 20, 21, 23] . A first study for bb production can be found in Ref. [24] , where the partonic sub-processes gg → bb and→ bb were considered.
In experimental studies, e.g. of top-quark pair production at the Tevatron, often only one b-jet is required. Considering the importance of these background studies also single bottom-quark production will be studied in this paper.
The outline of the paper is as follows: In Section II the leading-order cross sections for the production of one and two bottom jets are presented. The partonic contributions are split into quark-, gluon-and pure bottom-induced processes and relations based on crossing symmetries are introduced. After a discussion at the hadronic level we find, that leading order processes involving electroweak gauge boson exchange can be neglected. Concerning the differential p T distribution at high energies the effects from pure bottom-induced contributions are also negligible. In Section III we present the virtual and real corrections of order α 2 s α for the remaining processes. The virtual contributions to quark-induced processes contain infrared and ultraviolet singularities, while the gluon-induced ones are infrared finite. Compact analytic expressions for the various channels are presented. In Section IV we present various consistency tests of our calculation and discuss the numerical results at the hadronic level. Our conclusions are given in Section V.
II. Bottom-jet production at leading-order
At parton level three types of processes will be distinguished: Quark-induced processes (with two quarks in the initial state, one of these being u, d, c, s), gluon-induced contributions (with one or two gluons in the initial state) and finally pure bottom-quark induced processes: 
Various explicitly checked crossing relations will be useful below. For the quarkinduced processes in Eq. (II.1) we find
and similarly for gluon-induced and pure bottom-induced processes
The spin and colour averaged differential partonic cross section reads
where I = 2 for identical particles in the final state and I = 1 otherwise. Before presenting explicit results we complete the notation and definitions used in this and the following Sections. As usual α s and α stand for the strong and electromagnetic coupling constant. The Z boson mass is denoted by m Z and the (axial-)vector coupling is expressed in terms of the sine (cosine) of the weak mixing-angle s W (c W ), the weak isospin T f 3 and the electric charge Q f for a fermion of flavour f in units of the elementary charge e:
The Cabibbo-Kobayashi-Maskawa mixing matrix is set to 1 and the W coupling to the quarks is
Let us start with the processes listed in Eq. (II.1), which involve only quarks in the initial state. These can be mediated by gluon, Z boson and photon exchange. Consequently we seperate pure QCD O(α 2 s ), electroweak O(α 2 ), and mixed QCD-electroweak O(α s α) contributions. In the case of one or two gluons in the initial-state an interaction via electroweak gauge bosons is not possible at leading order and only QCD processes contribute. We start with the QCD-contribution for quark-antiquark annihilation into a bb-pair 9) with N being the number of colors. The purely electroweak contributions are given by
Because of colour conservation the interference between the QCD and electroweak matrix elements vanish. The remaining quark-induced contributions can be obtained using the crossing relations in Eq. (II.3).
The gluon-induced processes in Eq. (II.1) proceed through QCD amplitudes only and the corresponding crossing relations are defined in Eq. (II.4). For the gluon fusion channel the squared matrix element is
Finally we consider the pure bottom-quark induced contributions arising from pure QCD, mixed QCD-electroweak and electroweak matrix elements. Below we list the results for bb → bb scattering, those for bb → bb andbb →bb scattering can be deduced from Eq. (II.5).
The term proportional to αα s originates from the interference between s and t exchange amplitudes and is present for the process bb → bb and its crossed versions only. The purely electroweak contributions proportional α 2 are found to be negligible. With these ingredients we calculate the hadronic transverse momentum (p T ) distribu- tions for single and double b-tag events and investigate the relative importance of the different processes described above. As a consequence of the massless approximation, most partonic contributions are ill-defined in the limit z → ±1, where initial and final state parton become collinear. Since b-jets close to the beam pipe escape detection, we require a minimal transverse momentum (p cut T ) of 50 GeV. The leading order cross section is obtained from
where the factorization scale dependence is suppressed and x 1 and x 2 are the partonic momentum fractions. The parton distribution functions (PDF's) for parton i in hadron H are denoted by f i/H . The sum runs over all possible parton configurations (i, j) in the initial state.
For the study of b-jets we will distinguish between single b-tag and double b-tag events, and evaluate the p T distributions with the following input parameters
For s W we use the on-shell relation. Moreover we used the PDF's from CTEQ6L with the factorisation scale set to µ F = 2p cut T . )) is dominated by the gluon fusion channel. For higher p T -values QCD quark-antiquark annihilation takes over and for transverse momenta larger than 200 GeV it dominates completely. The relative contributions from processes involving electroweak bosons are of the order of 1% for p T < 80 GeV and, for p T > 260 GeV are of the same order (few permille) as the gluon-fusion process. Bottom-induced contributions yield a few percent to the differential cross section for p T < 100 GeV and become insignificant for higher transverse momenta. For the LHC the results are significantly different. The LO p T -distribution for single b-tag events is presented in Fig. II.4(a) . The gluon-induced processes dominate in the low energy regime (p T < 500 GeV). For p T larger than 500 GeV the quarkinduced processes take over and finally dominate the distribution. This "cross over" of gluon-and quark-induced contributions is a consequence of the different behaviour of LHC quark and gluon luminosities. The relative contributions from the exchange of electroweak bosons and bottom-induced processes are always below 1% and therefore negligible. A similiar picture is observed for the differential cross section for double btag events at the LHC (Fig. II.4(b) ). Here the "cross over" of quark-and gluon-induced contributions is around p T = 1 TeV. For low p T the pure bottom-induced processes are as important as quark-induced contributions. This seems surprising, because the parton luminosities of bottom-quarks in a proton should be highly suppressed compared to the light flavours. There are two reasons for the relatively large cross section of the purely bottom-induced processes. First, the partonic cross sections of bb and bb scattering are strongly enhanced for large z values. In this region the parton processes with bottom-quarks in the initial state can be several orders of magnitude larger than the quark-antiquark-induced process. Second, the bottom-quark PDF is essentially obtained by multiplying the gluon distribution in the proton with the splitting function of a gluon into a bottom-quark pair. Because of the high gluon luminosities at low energies, the bottom-quark PDF becomes of the order of a few percent relative to the PDF's of the light flavours. This, together with the large partonic contributions is responsible for the relatively large bottom-induced differential cross section. The argumentation implies that the main contribution from bb,bb and bb scattering comes from the low p T region, while for high p T values these effects are small. It might be interesting to study whether the b-PDF could be further constrained using bb production at low p T .
As shown above, the leading order contributions from electroweak gauge boson exchange are always negligible for the study of b-jet production. This is also true in the context of NLO corrections with an expected size of serveral percent relative to the leading order distributions. Moreover, we have shown that the QCD contributions from processes with two bottom-quarks in the initial state are unimportant for the study of p T -distributions at large transverse momentum. In particular with regard to the Sudakov logarithms becoming important at high energies this approximation is justified. Consequently the weak O(α) corrections to bb → bb,bb →bb and bb → bb will not be discussed in this article.
III. Weak corrections to bottom-quark production
In this Section we calculate the weak corrections of order α 2 s α to the following partonic processes→ bb,bq →bq, bq → bq, bq → bq,bq →bq, gg → bb, bg → bg,bg →bg, neglecting photonic corrections. We subdivide the O(α) corrections in contributions from quark-induced processes (Section III.1) and gluon-induced processes (Section III.2). Before presenting analytic results for the weak corrections, let us add some technical remarks. For the calculation of the next-to-leading order weak corrections the 't Hooft-Feynman gauge with gauge parameters set to 1 is used. The longitudinal degrees of freedom of the massive gauge bosons Z and W are thus represented by the goldstone fields χ and φ. As mentioned in Section II, all incoming and outgoing partons are massless and consequently there are no contributions from the Goldstone boson χ and the Higgs boson. Ghost fields do not contribute at the order under consideration. For the analytic reduction of the tensor integrals to scalar integrals we used the Passarino-Veltman reduction scheme [25] . The scalar integrals were calculated either analytically with standard techniques or evaluated numerically using the FF-library [26] . The convention for the scalar integrals in this article is:
The bare Lagrangian L is rewritten in terms of renormalised fields and couplings as follows
(see e.g. Ref. [27] ). For the present calculation only wave function renormalization is needed and no mass or coupling renormalization has to be performed. The partonic NLO corrections are, furthermore, independent of the factorization scale µ F . The wave function renormalization is performed in the on-shell scheme
where the renomalization constants are given in terms of self-energy corrections Σ and their derivatives:
Here only δZ V is required. For bottom-quarks it is given by [27] :
(III.5)
corresponding to the massless limit of the formulae given in Ref. [12] after the exchange of bottom and top mass. For light quark flavours the renormalisation constant reads:
In the following, most results will be given using the explicit formulae of the scalar integrals. To evaluate the NLO corrections to the differential cross section only the real part of the virtual corrections contribute. Therefore we will skip the parameter for analytic continuation ε wherever possible. Hence the relations from crossing symmetries lead for example to the following replacements (s > 0,
III.1. Weak corrections to quark-induced processes
We start with the O(α) corrections to quark-induced processes, consisting of vertex-, box-and real-contributions. In contrast to the gluon-induced reaction where electroweak corrections to the QCD Born amplitude can be clearly identified, the corresponding classification for→ bb more precisely of all contributions of O(α 2 s α) is more involved. In this case QCD box amplitudes O(α s 2 ) may interfere with the weak amplitude of O(α) and similarly, mixed box amplitudes of O(α s α) may interfere with the QCD Born amplitude of O(α s ). Infrared singularities are cancelled by contributions from interference between initial state radiation and final state radiation. A closely related discussion can be found in Ref. [11] and for QED corrections to neutral current corrections in Refs. [28, 29] . Two types of box-diagrams can be distinguished:
1. The (box-type) weak correction to the QCD Born amplitude, interfering with the QCD Born amplitude.
2. The QCD box diagram interfering with the weak Born amplitude.
Sample diagrams are shown in Fig. III.1 b) , c). The box-diagrams are UV finite. Their IR singularities cancel against those from real emission, specifically, from interference terms between initial and final state radiation. The vertex-corrections are infrared (IR) finite and their UV divergencies cancel against the wave function renormalization described above. All contributions are free from initial state mass singularities. To handle the infrared singularities we use the dipole subtraction method [30] . In the notation of Ref. [30] the NLO box and real corrections can be written as
Here dσ 2 consists of the virtual box corrections. Their IR-singularities will be cancelled by the contribution involving the I-operator. Note that the differential cross section dσ B is not the QCD leading order contribution. In order to respect the mixed QCD-weak structure of the box-diagrams and of the real corrections, dσ B is given by the interference between the QCD amplitude times the weak amplitude, where the colour correlations of the dipole formalism yield a non-vanishing colour factor. We use the symbol '⊗' in Eq. (III.7) to denote color as well as spin correlations. The K and P operators are finite remainders originating from dipoles, for details we refer to Ref. [30] . For the virtual and real corrections we present analytical results for the quark-antiquark annihilation process, while for the remaining quark-induced processes we refer to the crossing relations in Eq. (II.3). The results for
will be given explicitly for each process. The virtual contributions dσ Virtual to the partonic differential cross section is given with Eq. (II.6)
The initial-state vertex corrections for→ bb read (a)
and the squared leading order matrix element is given in Eq. (II.9). The final state vertex corrections read
where the scalar integrals are defined in the Appendix A. For the box-diagrams we find
The factor B qq→bb results from the interference between the leading order QCD amplitude and the weak amplitude. Terms proportional to the Z vector couplings are odd functions in the scattering angle z as a consequence of Furry's theorem. The virtual corrections for the remaining quark-induced processes can be deduced by the crossing relations Eq. (II.3). For latter use we extract the IR divergent contribution to the differential cross section
(III.18) The contribution from real emission is given by
(III. 19) with
The combination s + t 1 + t 2 + u 1 + u 2 + m Z 2 appearing in Eq. (III.19) can vanish, corresponding to on-shell production of the Z boson. Therefore we introduced according to the principal value prescription a cut around the singular point
and demonstrated numerically that the result remains unchanged for δ between 10 −1 and 10 −5 GeV. Moreover we checked that also a fictitious Z boson width 0.01 GeV ≤ Γ Z ≤ 1 GeV produces the same numerical result. In analogy with the leading-order crossing relations we find for the remaining real corrections:
(III.23)
For these contributions the Z boson remains off-shell. To get an infrared finite result the corresponding subtraction terms from the dipole formalism were implemented. We checked explicitly the numerical stability of real corrections and dipoles and found the pointwise cancellation between the two contributions in the singular phase space regions. However the dipoles approximate the real corrections very well also in nonsingular regions. This results in large cancellations in the integrated result. In contrast to the singular configurations this cancellation is not pointwise but takes place between different phase space regions. As a consequence of this behaviour one needs high statistics for the numerical integration. To check the numerical results we therefore implemented also a variant of the phase-space-slicing method [2] and find agreement comparing the results of both methods. The relevant formulae for the slicing method and the plot for the comparison are shown in the Appendix B.
Let us now come to the contributions from the dipole formalism F ⊗ dσ B with F = I, K, P. The symbol '⊗' denotes spin and colour correlation between the operator F and the leading order amplitudes, which are treated in general as vectors in colour and spin space. For the processes under consideration, the gluon is always emitted from a fermion line and only trivial spin correlation appears. We start with the contribution for the quark-antiquark annihilation channel
where B qq→bb is defined in Eq. (III.17). This contribution to the differential cross section cancells the IR-poles and the µ-dependence from the virtual corrections in Eq. (III.18). For the finite K and P parts we find
Of course in Eq. (III.26) B qq→bb is also a function of x and for the evaluation of the plus distribution the well known relation
is used. Forbq →bq and bq → bq we find
where Bb q→bq can be deduced from B qq→bb and Eq. (II.3). Forbq →bq (and bq → bq) we find (a) (b) (c)
III.2. Weak corrections to gluon-induced processes
Sample diagrams for the virtual corrections to the gluon-induced processes are shown in Fig III. 2. No infrared divergencies are present and no corrections from real radiation contribute. The weak corrections are again classified into those from self-energy-, vertex-and box-diagrams. The latter are UV finite, vertex and self-energy contributions must be renormalized. The differential cross section for the gluon fusion channel at next-to-leading order is decomposed as follows:
We start with the analytic results for the self-energy diagrams (Fig III.2(c) ) in the gg → bb channel, which can be written in a compact form
(III.38)
The contributions involving φ and W are closely related
The vertex corrections consist of s, t and u channel contributions. Since the corrections to the s channel are proportional to the quark mass (see Ref. [12] Eqs.(II.18-22)) they vanish in the massless limit. The remaining vertex corrections (e.g. Fig. III.2(b) ) can be expressed in terms of the self energies
The box contributions (Fig III.2(a) ) are more involved and are listed in Appendix C. Corrections to gb → gb and gb → gb are obtained via the relations Eq. (II.4).
IV. Results
Apart of the obvious checks, like cancelation of UV and IR singularities, a numerical test was performed for the IR-divergent contributions, implementing the phase-spaceslicing method. As illustrated in Appendix B we found complete agreement of the two methods. For the quark-antiquark annihilation and the gluon fusion channel we found complete analytical agreement with previous results for top-quark production [12] , with the following replacements
These results also allow for a numerical comparison between the massive and the massless approach. In Fig. IV.1 the results for a massive bottom-quark (m b = 4.82 GeV) are compared with those from the massless approximation. Agreement between the massive and the massless results is observed in the full kinematic range, which justifies the massless approximation for the bottom-quarks used in the paper. The difference of the massless and the massive result concerning the relative corrections is always below 0.5%. Furthermore all LO and NLO partonic corrections were calculated analytically and thus all crossing relations listed in the previous Sections are used as additional cross check. For the numerical evaluation we use the same input parameters as in Section II. As mentioned in Section III the results are leading order in QCD and therefore evaluated with the leading order PDF's CTEQ6L. We start with the results for the differential p T -distribution at the Tevatron. In Fig. IV.2 the relative corrections normalised to the full leading order cross section are shown. dσ NLO dσ LO dp T dp T
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Single b-tag dσ NLO dσ LO dp T dp T At the LHC however the corrections are significantly larger. For the subsequent discsusion √ s = 14 TeV will be adopted. The relative corrections to the leading order p T -distributions are shown in Fig. IV.4 . For single b-tag events (upper figure) the relative corrections are always negative and of the order of a few permille up to −1% for 50 GeV < p T < 250 GeV. In contrast to the Tevatron results, the resonant behaviour arising from virtual top-quarks in quark-anti-quark annihilation is not visible, a consequence of the dominance of the gluon-induced processes in this p T -regime (Fig. II.4(a) ). For 250 GeV < p T < 1 TeV the weak NLO contributions vary between −1% and −8%, compared to the leading order distribution, a consequence of the Sudakov logarithms. In the high energy regime (p T > 1 TeV) the relative corrections amount to −10% and will even reach −14% for p T = 2 TeV. The lower figure in Fig. IV.4 shows the relative corrections for double b-tag events at the LHC. Despite the strong suppression of→ bb at leading order (see Fig. II.4(b) ) a small remnant of the enhancement from virtual top-quarks is visible in the double b-tag case. With increasing p T the Sudakov logarithms dominate the shape of the weak NLO contributions and yield relative corrections between −1% and −7% (250 GeV < p T < 1 TeV). At the highest p T -values considered relative corrections up to −14% are observed. Fig. IV.5 (upper figure) shows the integrated cross section for single b-tag events at the LHC together with an estimate of the statistical error based on an integrated luminosity of 200 fb −1 . The same composition in shape and magnitude is observed as for the differential distribution. The statistical error estimate matches the size of the weak corrections up to p T = 1.5 TeV. For higher p T -values the rate drops quickly and it will be difficult to observe the effect of the weak corrections. For double b-tag events (lower figure) we find again the smoothing of the tt-threshold for the relative weak corrections, while the composition of the curve for p T > 250 GeV is very similiar to the already discussed differential distribution. Considering the statistical error, the slight increase from virtual top-quarks will not be observable at the LHC. For p T -values between 250-1000 GeV the weak corrections are larger than the statistical error, above p T = 1 TeV they are comparable or smaller. In Fig. IV.6 we show results for the LHC operating at √ s = 10 TeV. The absolute cross sections are by more than a factor two lower, due to the lower parton luminosities. However the impact of the electroweak corrections is nearly the same and qualitatively similiar results are obtained for the relative NLO corrections.
V. Conclusion
In this article we present the weak corrections for b-jet production of order α 2 s α neglecting purely photonic corrections. We derive compact analytic results for the NLO contributions in quark-anti-quark annihilation and the gluon-fusion. For the remaining partonic processes we list the crossing relations needed to derive the corresponding analytic results. We present the corrections to the p T -distribution and compare the results with the expected statistical uncertainty. In particular we find corrections up to ten percent for bottom-jets at high transverse momenta accessible at the LHC. These effects are larger than the anticipated statistical uncertainty. dσ NLO dσ LO dp T dp T dσ NLO dσ LO dp T dp T NLO dσ LO dp T dp ) and the ratio of the differential leading order cross sections at the LHC operating at 10 TeV and 14 TeV (dσ LO (10 TeV)/dp T ) / (dσ LO (14 TeV)/dp T ) (lower figures).
(a) (b) Finally we present the comparison between the phase space slicing and the dipol subtraction method. In the figure below the difference for the differential cross sections at the LHC obtained with the two different methods in terms of standard deviations is shown. The agreement is always better than three sigma. dσ Dipole dσ Slicing dp T dp T (σ 
